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We consider a problem of non-adiabatic dynamics of a 2D fermionic system with d + id-wave symmetry of
paring amplitude. Under the mean-field approximation, we determine the asymptotic behavior of the pairing
amplitude following a sudden change of coupling strength. We also study an extended d + id pairing system
for which the long-time asymptotic states of the pairing amplitude in the collisionless regime can be determined
exactly. By using numerical methods, we have identified three non-equilibrium steady states described by
different long-time asymptotes of the pairing amplitude for both the non-integrable and the integrable versions
of d + id-wave models. We found that despite of its lack of integrability, long-time dynamics resulting from
pairing quenches in the non-integrable d + id model are essentially similar to the ones found for its exactly-
integrable extended d + id model. We also obtain the long-time phase diagram of the extended d + id model
through the Lax construction that exploits underlying integrability showing that the dynamic phases obtained
by numerics are consistent with the dynamics of the exactly integrable approach. Both models describe a
topological fermionic system with a topologically non-trivial BCS phase appearing at weak coupling strength.
We show that the presence of oscillating order parameter region in the chiral d + id pairing dynamics differs
from the d-wave (dx2−y2 ), which may be used to probe pairing symmetries of chiral superconductors.
PACS numbers: 05.30.Fk, 32.80.-t, 74.25.Gz
I. INTRODUCTION
Exactly solvable models of many-body quantum systems
have always been a powerful tool for developing important
ideas about the nature and the microscopic structure of physi-
cal phenomena especially when inter-particle interactions are
strong. Integrability puts stringent constraints on the condi-
tions under which models are formulated (reduced dimension-
ality, purely local interactions etc.) rendering physical sys-
tems often to be in extreme physical situations. Nevertheless,
the concepts developed by using exact solutions make it pos-
sible to gain deeper insight into complex physical phenomena
and are fruitfully applied to provide interpretation of underly-
ing physical ideas.
Among the exactly-integrable Hamiltonians, the Gaudin
magnets1–4 represent a special type of integrable many-body
systems formulated in terms of the spin Hamiltonians. It
is well known that within the mean-field approximation, the
Hamiltonian for the celebrated BCS model can be formu-
lated as Gaudin spin Hamiltonian and, therefore, is exactly
integrable.4–6 This fact turned out to be especially useful for
solving the problem of non-adiabatic pairing in fermionic su-
perfluids (for review see Ref. [7] and references there in).
Since the discovery of the exact solution for the non-
adiabatic pairing problem, there has been a lot of theoret-
ical studies addressing various related aspects of the prob-
lem. For example, steady states for different types of pairing
symmetries such as the chiral p-wave,8,9 the d-wave,10 effects
of the various integrability breaking perturbations on dynam-
ics phase diagram11 as well as dynamics in two-dimensional
spin-orbit coupled fermionic superfluids in external Zeeman
field12,13 have been discussed. Perhaps the most remarkable
results of many of these studies is that breaking of integrabil-
ity does not lead to the substantial deviations from the results
found for the integrable model.13
Although experimental observation(s) of non-adiabatic
pairing phenomena in degenerate atomic condensates is still
lacking, there have been significant advances in realization
of non-adiabatic pairing regime in superconductors by
employing the technique of pump-probe spectroscopy. While
it has been shown experimentally that superconducting state
can be photo-induced14–19, it was not until recently shown
that when pump pulses are used in combination with angle
resolved photo-emission spectroscopy (ARPES), real-time
evolution of quasiparticle modes following a pump pulse can
be tracked in different momentum sectors of d-wave cuprates
superconductors, revealing highly non-thermal character
of the associated spectral weights even for the steady state
asymptote of order parameter.20,21
The fact that there have been several proposals on realization
of unconventional s + is- and d + id-wave pairings in
multiband superconductors,22 motivates us to look into the
signatures of such an unconventional pairing in non-adiabatic
regime. Pairing problem with dx2−y2 + idxy (d+ id) pairing
symmetry of the order parameter has received attention
recently in the context of possible topologically nontrivial
superconducting states in undoped bilayer silicene and
to explain Broken Time Reversal Symmetry (BTRS) in
YBa2Cu3Ox superconductors. Generally, the d + id pairing
has a number of highly unusual physical properties such as
quantized boundary current, spontaneous magnetization as
well as quantized spin and thermal Hall conductances.23–25
Furthermore, It has also been shown in 24, that d + id
superconductor leads to spontaneous magnetization which is
temperature independent for the weak BTRS in accordance
with experiments26 . Transitions of YBa2Cu3O7-x films,
from pure dx2−y2 to d + id was also proposed based on
experimental observations27. Change of d-wave paring
to dx2−y2 + idxy is also attributed to plateaus observed
in the field profile thermal conductivity measurements in
Bi2Sr2CaCu2O828. Moreover, chiral superconductivity
from repulsive interactions in doped graphene has also been
proposed in the context of d+ id pairing.29
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2In this paper we consider a problem of non-adiabatic
dynamics of systems with d + id symmetry of the or-
der parameter. Within the mean-field approximation, the
d + id-wave model Hamiltonian can be written as a spin
Hamiltonian, however it does not belong to the class of
Gaudin magnets and hence it is not integrable. With inclusion
of an extra term, the model becomes integrable. Thus,
we can establish similarities and differences between the
corresponding asymptotic phase diagrams and the related
observables for the two models.
Our paper is organized as follows. In Section II we intro-
duce the Hamiltonian for the d+ id model, describe its mean-
field and topological properties. In Section III, we present
dynamics of the non-integrable d+ id and the extended d+ id
in weakly couples regime. In section IV, we establish the inte-
grability of the extended d+idmodel and using the Lax vector
construction, obtain the corresponding exact asymptotic state
phase diagram. Section V is devoted to the discussion of our
results and conclusions.
II. MODEL HAMILTONIAN AND GROUND STATE
An exact ground solution of the s-wave Hamiltonian
was obtained through the series of work pioneering in the
field.30–32 Furthermore, it has been shown that there are
Hamiltonians beyond the s-wave case which can be solved ex-
actly in any dimensions.33,34 One of such cases, is the p+ ip-
wave pairing model with a non-trivial ground state and topo-
logical properties, when solved exactly, is in agreement with
the mean-field analysis.35,36 Next in line of the p+ ip Hamil-
tonian, the chiral d + id is non-integrable and do not admit
an exact solution whereas integrability of the extended-d+ id
is established and shown in earlier work that the exact ground
state analysis obtained through the Bethe ansatz agrees with
the mean-field solution.37
Non-integrable case of the d-wave pairing order parameter dy-
namics has been presented in 10, where it has been shown
that out-of-equilibrium spectral weight along the nodal lines
obtained by the mean-field calculations qualitatively behaves
in a similar manner as reported by the experiments.20,21 In-
tegrability has been exploited in earlier work including the
s-wave and the 2-D p + ip-wave Hamiltonians to compute
non-adiabatic order parameter dynamics following a quench
of interaction constant. It was shown, when the ground state
has non-trivial topology, integrability even allows to compute
non-equilibrium topological invariant78. Nevertheless, link
between integrability and out-of-equilibrium dynamics is still
a subject of further studies. In this Section, we present our
results for the mean-field ground state of the non-integrable
d+ id and the integrable extended-d+ id model.
We introduce the singlet BCS Hamiltonian with the d + id-
wave pairing symmetry3839
Hˆ =
∑
kσ
εkcˆ
†
kσ cˆkσ −
G
4ν−1F
∑
k,q
k2+q
2
−cˆ
†
k↑cˆ
†
−k↓cˆ−q↓cˆq↑,
(2.1)
where cˆkσ and cˆ
†
kσ denote fermionic annihilation and cre-
ation operators, εk = k2/2 is the single particle dispersion,
k± = kx ± iky , G is a dimensionless coupling constant and
νF is the density of states at the Fermi level. We set the single
particle mass m = 1. Given the fact that the second term in
the Hamiltonian can be factorized, it is convenient to write it
in terms of the operators
Sˆ+k = cˆ
†
k↑cˆ
†
−k↓, Sˆ
−
k = cˆ−k↓cˆk↑,
Sˆzk =
1
2
(
cˆ†k↑cˆk↑ + cˆ
†
−k↓cˆ−k↓ − 1
)
.
(2.2)
These are the familiar Anderson pseudospin operators40
which satisfy the angular momentum commutation relations
[Sak, S
b
q] = i
abcδkqS
c
k provided the momentum summation
is restricted to the range
k = {kx ∈ Re, ky ≥ 0}. (2.3)
This model only considers sub-space of paired fermions re-
lated by time reversal symmetry and neglects pair-breaking
processes, giving us:
Hˆd+id = 2
∑
k
εkSˆ
z
k −
G
ν−1F
∑
k,q
εkεqSˆ
+
k Sˆ
−
q . (2.4)
Where we have also eliminated the momentum phase prefac-
tors (kx ± iky)2 = |k|2e±2iφk by performing unitary trans-
formation for the pseudospin operators and absorbed constant
into interaction parameter. Hamiltonian in Eq. (2.4) is non-
integrable and an exact solution does not exist. We add an
extra term in Eq. (2.4) proportional to density-density inter-
action to arrive at an extended-d+ id model.37
Hˆex = 2
∑
k
εkSˆ
z
k−
G
ν−1F
∑
k,q
εkεqSˆ
+
k Sˆ
−
q −
G′
ν−1F
∑
k,q
εkεqS
z
kS
z
q
(2.5)
The exact solution of (2.5) was obtained in 37, where it was
also shown that the system is integrable in case whenG′ = G.
Moreover, it has also been shown in the same work that the
exact solution coincides with the mean-field case. To obtain
the ground state in the mean-field approximation, the pseu-
dospin operators are replaced with their expectation values
Sˆak → 〈Sˆak〉 = Sak. As a result, the spin Hamiltonian (2.5)
becomes a classical Hamiltonian of the form
Hex =
∑
k
~Bk · ~Sk, ~Bk = 2(−∆xεk,−∆yεk, ξk) (2.6)
where ξk = εk(1 + ρ) − µ and ∆x,y are the components of
the complex pairing field
∆† = ∆x + i∆y = (G/ν−1F )
∑
k
εkS
+
k . (2.7)
along with the parameter
ρ = − G
′
ν−1F
∑
p
εpS
z
p. (2.8)
3We set, for the non-integrable d + id case G′ = 0 (ρ = 0)
whereas G′ = G for the integrable version. Time evolution of
the pseudospin components along with the pairing field ∆+
is governed by the classical equations of motion which are
obtained by evaluating the Poisson brackets of Sak with the
Hamiltonian:
S˙xk = −2εk∆y(t)Szk(t)− 2ξkSyk(t),
S˙yk = 2ξkS
x
k(t) + 2εk∆x(t)S
z
k(t),
S˙zk = −εk2∆x(t)Syk(t) + 2εk∆ySxk (t).
(2.9)
Above equations can be summarily written as ~˙Sk(t) =
~Bk(t)× ~Sk(t). In the ground state, each pseudospin is aligned
so that the time derivatives in Eq. (2.9) are identically zero.
For simplicity we assume that in the ground state ∆ = ∆x, it
follows
Sxk =
εk∆
2
√
ξ2k + |εk∆|2
, Szk = −
ξk
2
√
ξ2k + |εk∆|2
(2.10)
and Syk = 0. In addition to the self-consistency equation(s) for
the pairing field, we also need to consider the particle number
equation which fixes the value of chemical potential:
n =
∑
k
(
1− ξk√
ξ2k + |εk∆|2
)
. (2.11)
For ground state, ρ in Eq. (2.8) renormalizes the chemical po-
tential and the order parameter of our system: µ→ µ/(1 + ρ)
and ∆ → ∆/(1 + ρ) (ρ = 0 for the non-integrable d + id).
We solve Eqs. (2.7,2.8,2.11) numerically and show results in
Fig. 1. As it turns out, just as in the case of the chiral p + ip
FIG. 1: Mean-field ground state values of chemical potential µ and
order parameter |∆| for d+id and extended d+idmodel. Solid blue
curve gives µ vs ∆ for d+ id and green circles gives µ′ = µ/(1+ρ)
vs ∆′ = ∆/(1 + ρ) for extended d + id (inset ρ vs ∆′). To solve
system of equations (2.7,2.8 and 2.11), we have implemented the
ultraviolet cutoff Λ = 16εF (εF is the Fermi energy).
case,8,9,35,36,38 the point µ = 0 is a special one: it marks the
transition between the two topologically distinct states. From
Fig. 1, it is evident that the ground state pseudospins for the
non-integrable and the integrable case are identical. The topo-
logical invariant or winding of pseudospin configuration is in-
dependent of value of G′ and in 2D is given by8
Q = 8piεabc
∫
d2k
(2pi)2
1
k
〈sak〉∂k〈sbk〉∂φk〈sck〉 (2.12)
We can proceed with the substitution, βk = −ξk/Ek and ob-
tain form of equilibrium pseudospins from Eq. 2.10:
Szk =
βk
2
, S±k =
1
2
√
1− β2ke∓2iφk , (2.13)
With the help of expressions (2.13), the integrand in Eq.
(2.12) reduces to total derivative, giving us
Q =
{
2, µ > 0,
0, µ < 0
(2.14)
in the ground state. Non-zero winding number signals the
presence of the Majorana edge states at the system’s bound-
aries, so Q = 2 implies that the chiral d + id-wave system
(weakly coupled) supports two of these edge modes - one per
each spin projection. This give a quantized boundary current
of IB = 2e∆/h.23 Chiral d + id pairing is important in con-
text of superconductors with other usual characteristics that
cannot be explained by the d-wave pairing. Thus we focus on
the weakly coupled (BCS) dynamics where µ ≈ 1εF .
III. OUT-OF-EQUILIBRIUM DYNAMICS: PHASE
DIAGRAM
In this section, we present the numerical results, obtained
from the equations of motion (2.9), following a sudden change
of pairing couplingG. To drive the system out-of-equilibrium,
we take at t = 0 the ground state of Hamiltonian (2.4) with
coupling constant Gi and instantaneously change it to a dif-
ferent value of interaction Gi → Gf , calculating the time
evolution of order parameter from Eq. (2.9). As in the ear-
lier studies7, it is convenient to describe asymptotic states of
the order parameter in terms of ∆i and ∆f - equilibrium order
parameter values for Gi and Gf correspondingly.
In Fig. 2 we present quench phase diagram of time-dependent
order parameter ∆(t) for the non-integrable d+id (G′(t) = 0)
case. We have found out that the asymptotic states of ∆(t)
at long times can be classified in terms of three dynamic
regimes in the (∆i,∆f ) plane. For large ∆i/∆f , we obtain
regime (Region I) where the order parameter vanishes at long
times (overdamped regime), Region II gives non-vanishing
asymptote ∆(t → ∞) = ∆∞ for ∆(t) and finally for suffi-
ciently small ∆i/∆f we recover undamped oscillating phase
in which ∆(t) oscillates between two limiting values. In pass-
ing, we note that the Region III is absent in recent calcula-
tion of the non-adiabatic pairing for d-wave superconductors
( ∆k = cos 2θk)10 which is in stark contrast with our d+ id-
wave order parameter symmetry (∆k = εk∆). Presence of
the nodal lines in the d-wave pairing leads to absence of the
Region III10.
4FIG. 2: Non-integrable d + id (G′ = 0) phase diagram obtained
from quenches showing the three dynamic regions where |∆(t)| can
be classified at long times. Region I is characterized by vanishing
|∆(t)|, Region II gives non zero asymptote for |∆(t)| = ∆∞ 6= 0
and finally Region III gives persistent oscillations of order parameter.
Computations have been performed with ΛE = 4εF .
In Fig. 3, we plot |∆(t)| for different values of ∆i/∆f in
weak coupling limit involving the s-wave, the non-integrable
d + id and the extended d + id symmetry. Unlike the non-
integrable case where quench of coupling affects (x,y) compo-
nents of the field in Eq. 2.6, all three components participate
in a quench for the extended d+ id case through ρ(t). As seen
from Fig. 3 that the extended d + id dynamics model gives
similar dynamics to the non-integrable d + id case in terms
of long time asymptotic states of |∆(t)|. Somewhat more sur-
prising fact is that |∆(t)| in the s-wave case also vary on sim-
ilar time scales in weak coupling regime. For values where
∆i/∆f ≥ 5 we get exponential damping of ∆(t) for the both
d + id cases again in full analogy with the s-wave and the
p+ ip order parameters. For ∆i/∆f  1 we obtain the non-
vanishing oscillations of |∆(t)| between two limiting values.
IV. INTEGRABLE EXTEDED-d+ id PHASE
DIAGRAM-LAX CONSTRUCTION
It has been shown in the earlier work 37, that the mean-
field ground state of the extended d+ idmodel coincides with
the exact solution of the Bethe anstaz in the continuum limit.
Given that the mean-field ground state pseudospins are exact,
we can exploit integrability of the extended-d + id model to
obtain exact asymptotic phases at long times. In this section
we will show that all the three dynamical phases obtained fol-
lowing a quench of coupling in Fig. 3 generated by the mean-
field BCS like Hamiltonian, are also present in the exactly-
integrable - Lax vector method. Lax vector7813 for extended
FIG. 3: (Color online) Plot of gap dynamics for the non-integrable
d+ id (full red line), the s-wave (dashed back line) and the exactly-
integrable extended d + id (full green line) for different quench pa-
rameters: (a) ∆i/∆f = 10; (b) ∆i/∆f = 5.2, (c) ∆i/∆f = 0.5,
(d) ∆i/∆f = 0.25, (e) ∆i/∆f = 0.05 and (f) ∆i/∆f = 0.02.
Calculations were performed on a system withN = 5024 single par-
ticle energy levels and implemented an ultraviolet cutoff Λ = 4εF
for d+ id-wave and Λ = 25εF for s-wave dynamics.
d+ id model is given by
~L(u) =
∑
k
εk~sk
u− εk −
~ez
uGνF
, (4.1)
where u is an arbitrary complex parameter. In Appendix we
have shown that the square of the Lax vector is conserved by
evolution. The conservation of ~L
2
(u) allows one to determine
5asymptotic states of the order parameter depending on initial
conditions.7 In order to compute the quench phase diagram at
long-times, one needs to analyze complex roots of the spectral
polynomial in the thermodynamic limit (for the definition of
the spectral polynomial see e.g. Ref. 7). For our model, the
equation for the complex roots reads:
β
(1 + ρ0)− µ0u ± i∆0
+
∑
k
uε2k
2(u− εk)
√
ξ˜2k + |ε2k∆0|2
= 0,
(4.2)
where we introduced parameters β = g−1f − gi−1, g = GνF
for brevity and ∆0, µ0 and ρ0 denotes the ground state values
obtained for coupling gi.
In order to determine the steady state phase diagram we adopt
the strategy described in Ref. 7. Setting u units of εF along
with other energies εk, µ, Ek, noting that couplingG has units
4pi/k4F and expressing momentum in the units of the Fermi
momentum q = k/kF we have
β
u(1 + ρ0)− µ0 ± i∆0u +
∞∫
0
ε2qqdq
2(u− εq)E(q) = 0, (4.3)
where E(q) =
√
[(1 + ρ0)εq − µ0]2 + ε2q∆20.
To determine the boundaries separating various steady
states we assume that the imaginary part of u is infinitesimally
small
u = v ± iδ. (4.4)
Taking the real and imaginary parts of the equation (4.3) with
account of (4.4), we obtain two equations
4β
pi
∆0 = vE(v),
piv[v(1 + ρ0)− µ]signβ
4E(v)∆0
+−
∞∫
0
ε2qqdq
2(v − εq)E(q) = 0
(4.5)
The results for the solution of these equations are presented
in Fig. 4, where we show the asymptotic states phase dia-
gram of the extended d+ id model obtained by the integrable
method (Lax method). Comparing this diagram with the one
found for the non-integrable d + id model (Fig. 2), it is clear
that these two diagrams are quite similar to each other : (i)
for quenches corresponding to ∆f  ∆i we find a gapless
steady state in which the pairing amplitude vanishes; (ii) for
quenches when ∆f ∼ ∆i the pairing amplitude asymptotes
to a constant and (iii) for quenches such that ∆f  ∆i the
pairing amplitude oscillated periodically and its time depen-
dence is described by the Jacobi elliptic function. The Lax-
mechanism gives the asymptotic dynamical phases from the
mean-field ground state which is exact in thermodynamical
limit37 and the change of coupling, confirms presence of all
three dynamical phases. This implies that the mean-field dy-
namics of the extended d + id model obtained by computa-
tions are perfectly controlled and the fluctuations must cancel
exactly at all levels. One can simply conclude same about the
non-integrable d + id case as limit ρ → 0 of the integrable
extended-d+ id model.
FIG. 4: Extended d + id (G′ = G(t)) exact phase diagram show-
ing presence of all three dynamic regions. Computations have been
performed for ΛE = 4εF .
V. DISCUSSION
Immediately after the discovery of the special class of so-
lutions which describe the pairing amplitude periodically os-
cillating in time provided the system is in the collisionless
regime,41 it was realized that the dynamics of the pairing am-
plitude as well as underlying pseudospin variables can be de-
termined exactly.4–6 Naturally, the question of whether the
steady states remain stable with respect to the integrability
breaking perturbations were raised. The subsequent works,
however, demonstrated the main features of the steady state
diagram obtained from the exact integrability are retained (see
e.g. Refs. [11–13]). For example, the studies of quenched
dynamics of two-dimensional spin-orbit coupled superfluids
have shown that even for the quenches of the external Zee-
man field lead to the asymptotic states found for the inte-
grable s-wave pairing, including a state with the periodically
oscillating pairing amplitude (in the latter case multiperiodic
solutions may also appear).12,13 The results presented here
seem to confirm following general property: for the non-
adiabatic dynamics integrability breaking perturbations have
little effect on the resulting long-time dynamics phase dia-
gram for the pairing with nodeless pairing amplitude in a
sense that no qualitatively new steady states appear (or dis-
appear) at long times. These results are applicable for zero
temperature(T = 0) and when system has low energy excita-
tions. Perhaps the most notable exception to this rule happens
when the size of the system far exceeds the coherence length:
in this case the steady state with the periodically oscillating
∆(t) develops spatial inhomogeneities driven by the paramet-
ric instability.42
While our results are perfectly applicable to systems con-
sisting of charge neutral superfluids, at the level of the
random-phase approximation, it can be demonstrated that the
mean-field equations of motions found for the problem with-
out Coulomb interactions retain their form.40 This statement
6is in agreement with a more qualitative argument based on
the fact that the single particle relaxation time τε far exceeds
the characteristic time scale on which the order parameter
evolves τ∆, so on the time scales τ∆  t  τε the our
pairing model with the reduced Hamiltonian should be valid.
It has also been reported, in the context of high temperature
cuprate ARPES experiments, that out-of-equilibrium quasi-
particle populations exists even after the time scale of 5 p.s.
(pico-seconds)10,20,21 whereas depending upon value of order
parameter and fermi energy, the time scales involved in Fig.3
are less than 1 p.s. Advent of femto-second probes will lead us
to new horizons where not only theory of quantum quenches
will be tested but rich information about pairing symmetries
will be revealed
VI. CONCLUSIONS
In this paper we have presented the results of our studies
of out-of-equilibrium pairing dynamics in the d + id-wave
and the extended d + id-wave models. We compared the
resulting long time asymptotics for both of these models
in which dynamics was initiated by a sudden change of
the pairing strength and the initial state was always chosen
to be system’s ground state. We found that both phase
diagrams turned out to be very similar despite the fact that
the chiral d + id-wave model is not exactly integrable while
the extended d + id model is. Our work provides yet another
example of a phenomenon for which insights obtained from
exactly solvable models can be applied to describe the
non-adiabatic dynamics of the pairing amplitude found for
their non-integrable counterparts. We emphasize that s-wave
like BCS dynamics in systems with BTRS and non-trivial
ground state properties e.g. quantized boundary current of
IB = 2e∆/h and spontaneous magnetization etc., signal
presence of the chiral d + id pairing. By experimentally
observing oscillating ∆(t) phase (phase III) in materials with
otherwise d-wave pairing, will confirm mixing to d + id
pairing along with other unusual characteristics peculiar to
the d + id chiral superconductors. Thus, further pump probe
experiments are needed to answer remaining questions of
pairing symmetries.
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Appendix A: Integrals of motion for the extended d+ id model.
In order to derive the integrals of motion, we use the method
of Lax construction. The components of the Lax vector ~L(u)
(u is a parameter) are given by Eqs. (4.1) in the main text.
These quantities satisfy the algebra
{L+(u), L−(v)} = −2
[
uLz(u)− vLz(v)
u− v
]
,
{Lz(u), L+(v)} = −
[
uL+(u)− vL+(v)
u− v
]
,
{Lz(u), L−(v)} = −
[
uL−(u)− vL−(v)
u− v
]
.
(A1)
Note, that all three commutation relations retain the same
form as in the s- and chiral p-wave cases.
Our main task now is to define the “Casimir” of the Lax
vector, L2(u), which will be conserved by the evolution. The
dynamics of the Lax vector components is described by the
following equations which can be obtained from the equations
of motion for the pseudospins together with Eq. (4.1). For the
dynamics of ~L(u) we find
d~L
dt
= det

xˆ yˆ zˆ
−2u∆x −2u∆y u
(
1− G
ν−1F
∑
p
εpS
z
p
)
Lx(u) Ly(u) Lz(u)

(A2)
Where ~L ≡ xˆLx+ yˆLy + zˆLz and L± = Lx± iLy . It is easy
to see that quantity - the Lax norm -
L2(u) = L
+(u)L−(u) + [Lz(u)]2 (A3)
is conserved by the evolution i.e:
dL2(u)
dt
= 0. (A4)
In addition, the Poisson bracket which involves L2(u) is
{L2(u), L2(v)} = 0. (A5)
We will use this relation to show that the Hamilonian (2.1) is
exactly integrable.
To show that number of the integrals of motion equals ex-
actly to the number of the degrees of freedom, let us introduce
the discreet mesh of momenta
εj = k
2
j/2, (j = 1, ..., N) (A6)
so that summation over the discreet energy levels εj in the
continuum limit become
N∑
j=1
f(εj)→ νF
k2Λ/2∫
0
f(ε)dε, (A7)
where νF = A8pi is the two-dimensional single-particle density
of states at the Fermi level. Hamiltonian in Eq.(2.5) can now
be written as a spin chain
H =
∑
j
εj2s
z
j − g
∑
j
εjs
+
j
∑
l
εls
−
l − g
∑
j
εjs
z
j
∑
l
εls
z
l
(A8)
7and g = GνF . With these conventions the pseudospins are
normalized:
(~sj)
2
=
1
4
. (A9)
For the Lax norm (A3) we find
L2(u) =
N∑
j=1
N∑
l=1
εjεl
(
s+j s
−
l + s
z
js
z
l
)
(εj − u)(εl − u) +
2
ug
N∑
j=1
εjs
z
j
εj − u +
1
u2g2
=
N∑
j=1
Hj
u− εj +
1
4
N∑
j=1
ε2j
(u− εj)2 +
Jz
gu
+
1
u2g2
, (A10)
where Hj denotes the Hamiltonian
Hj = −
2szj
g
+
∑
l 6=j
εjεl
εj − εl
(
s+j s
−
l + s
−
j s
+
l + 2s
z
js
z
l
)
(A11)
and Jz gives the total pseudospin projection on z-axis
Jz = 2
N∑
j=1
szj = const. (A12)
Since L2(u) is conserved by the evolution so that
{L2(u), Hj} = 0, equation (A5) implies that {Hi, Hj} = 0,
i.e. Hi’s are mutually conserved. There are N independent
Hj’s in a system of N spins. Therefore, we have identified N
integrals of motion for a system of N spins. Furthermore, our
initial Hamiltonian (A8) can be expressed in terms of Hj’s as
follows
H = −g
N∑
j=1
εjHj + const. (A13)
This equations means that H Poisson commutes with L2(u)
and we have identified all integrals of motion. Hence, the
extended d+ id model is exactly integrable.
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